In this paper, we investigate the conserved charges of generally diffeomorphism invariant gravity theories with a wide variety of matter fields, particularly of the theories with multiple scalar fields and p-form potentials, in the context of the off-shell generalized Abbott-Deser-Tekin (ADT) formalism. We first construct a new off-shell ADT current that consists of the terms for the variation of a Killing vector and expressions of the field equations as well as the Lie derivative of a surface term with respect to the Killing vector within the framework of generally diffeomorphism invariant gravity theories involving various matter fields. After deriving the off-shell ADT potential corresponding to this current, we propose a formula of conserved charges for these theories. Next, we derive the off-shell ADT potential associated with the generic Lagrangian that describes a large range of gravity theories with a number of scalar fields and pform potentials. Finally, the properties of the off-shell generalized ADT charges for the theory of Einstein gravity and the gravity theories with a single p-form potential are investigated by performing Kaluza-Klein dimensional reduction along a compactified direction. The results indicate that the charge contributed by all the fields in the lowerdimensional theory is equal to that of the higher-dimensional one at mathematical level with the hypothesis that the higher-dimensional spacetime allows for the existence of the compactified dimension. In order to illustrate our calculations, the mass and angular momentum for the five-dimensional rotating Kaluza-Klein black holes are explicitly evaluated as an example. *
Introduction
The definition of conserved charges in various gravity theories is of great importance for the understanding of many physics properties of spacetime. As is well known, its remarkable and successful applications are those in spacetime thermodynamics and black hole physics. Due to this, much work has been devoted to seeking feasible approaches to define the conserved charges of gravity theories appropriately. A rather effective route to do this is to make use of Noether theorem.
Till now several approaches in terms of the Noether procedure have been proposed to compute the conserved charges. One of them is the Abbott-Deser-Tekin (ADT) method [1, 2, 3] . The ADT formalism, which is defined in terms of the Noether potential got through the linearized perturbation for the expression of equation of motion in a fixed background of (A)dS spacetime, has made some progress on computation scheme for conserved charges of asymptotically (A)dS black holes in various gravity theories. Since the background metric is a vacuum solution of the field equation, the Noether potential in the original ADT formalism is on-shell. One of the applications for the ADT formalism is to compute the conserved charges within the context of three-dimensional topologically massive gravity in the work [4] , which was subsequently extended to nonasymptotically AdS black holes in the same thoery in [5] . Notably, in the latter, although the current is on-shell, the potential was extracted from the expression of the current derived without the requirement that the background metric is on-shell. This form of the current allows for the possibility of the construction of an off-shell current in the context of pure gravity theories. Afterwards, the development for the derivation of the potential was extended to compute the mass and angular momentum of three-dimensional Chern-Simons black holes [6, 8] and black holes in three-dimensional new massive gravity [7] .
Recently, in Ref. [9] , relieving the constraint that the background metric satisfies the field equations, Kim, Kulkarni and Yi proposed a quasi-local formulation of conserved charges within the framework of generic covariant pure gravity theories by constructing an off-shell ADT current to generalize the conventional on-shell Noether potential in the original ADT formalism to off-shell level, as well as following works [27, 28, 29] to incorporate a single parameter path in the space of solutions into their definition. These modifications make it more operable to evaluate the Noether potential in terms of the corresponding current and the procedure of computation become more convenient to manipulate. Owing to these, the off-shell generalized formalism for the quasi-local conserved charges provides another fruitful way to evaluate the ADT charges for various theories of gravity and it has been extended to investigate the conserved charges of a wide scope of gravity theories with or without matter fields [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . Particularly, in [10] , the method in [9] was generalized to the gravity theories in the presence of matter fields.
In the work [11] , reconsidering the conserved charges of generally diffeomorphism invariant gravity theories with only gravitational field, we constructed an off-shell generalized ADT current that takes a different form from the one given in [9] through the linear combination of the variation of the Bianchi identity for the expression of the field equation and the Lie derivative for the variation of the Lagrangian along a Killing vector. However, both the currents are equivalent since the Lie derivative of a surface term with respect to the Killing vector disappears. Our procedure to construct the off-shell ADT current is rather simple and the current naturally yields its corresponding potential that completely coincides with the one in [9] . A question naturally arises, i.e. whether the procedure in [11] is applicable to construct the off-shell ADT current and potential of diffeomorphism invariant gravity theories in the presence of a wide variety of matter fields.
On the other hand, p-form gauge fields appear systematically within the context of the string theories, the higher-dimensional supergravity theories as well as the brane theories, for example, in the ten-dimensional type IIB and eleven-dimensional supergravity theories. They have attracted much attention in recent years. In particular, some exact solutions in the supergravity theories have been found. For several of them see the references [38, 39, 40, 41, 42, 43] . To understand the behaviour of the p-form gauge fields on the conserved charges for gravity theories with such fields, it is of great interest to apply the off-shell generalized ADT formalism to fully identify their contribution. If we do this, the outcome will be able to provide a basis for further investigation on thermodynamics and other related properties of the solutions found in these theories. Besides, as is well-known, if the higher-dimensional spacetime allows for the existence of a compactified dimension, by performing Kaluza-Klein dimensional reduction along this compactified direction, the higher-dimensional gravity theories can be described by reduced gravity theories involving a series of lower-dimensional fields, such as the gravitational field, the Kaluza-Klein vector, the dilaton field and so on. Through such a procedure, a natural question is how the conserved charges associated with the higher-dimensional theories of gravity to behave in the lower-dimensional reduced theories after the dimensional reduction. We wonder wether a consistent Kaluza-Klein dimensional reduction can yield consistent conserved charges of the gravity theories.
In consideration of the above issues, the main motivation of the present work is to shed some light on the conserved charges of generally diffeomorphism invariant gravity theories with various matter fields, particularly of the theories with a number of scalar fields and p-form potentials, in the context of the off-shell generalized ADT formalism proposed in [9, 10] . To achieve this, along the line of the work [11] , the off-shell ADT formalism is extended to these gravity theories by constructing a new generic off-shell ADT current without the condition that the Killing vector associated with the conserved charge has to be fixed. In terms of the off-shell ADT potential constructed from this current, the formula for the conserved charges is presented. In particular, we propose a very general Lagrangian that describes a large range of gravity theories with scalar fields and p-form potentials. Accordingly, the conserved charges for this Lagrangian are explicitly investigated. What is more, another motivation is to gain a good understanding of the properties for the conserved charges under the Kaluza-Klein dimensional reduction. This is achieved by exploiting the off-shell ADT charges of (D + 1)-dimensional pure Einstein gravity and gravity theories with a single p-form gauge field before and after performing Kaluza-Klein reduction on an S 1 circle. The results demonstrate that the off-shell ADT charges exhibit the property of invariance under the dimensional reduction.
The remainder of this paper is organized as follows: In section 2, we derive the general formalism for conserved charges of diffeomorphism covariant gravity theories with arbitrary matter fields by constructing the off-shell generalized ADT currents and potentials for such theories in a new manner. In section 3, we move on to apply the general formalism of conserved charges in the previous section to generic covariant gravity theories in the presence of multiple scalar fields and p-form potentials. In section 4, we study the properties of conserved charges of (D + 1)-dimensional Einstein gravity by performing Kaluza-Klein reduction on a circle. In section 5, the analysis on Einstein gravity is extended to investigate the behaviour of conserved charges within the framework of gravity theories with multiple scalar fields and a single (n − 1)-form gauge field. In order to illustrate our calculations, we consider to explicitly compute the conserved charges of five-dimensional rotating KaluzaKlein black holes in light of the off-shell generalized ADT formalism within section 6. The last section is our conclusions and discussions on future work. To gain more details on our derivations in the main body of the text, several appendixes are presented. Particularly, in Appendix A, the off-shell Noether currents and potentials for the Lagrangians with multiple scalar fields and p-form potentials are calculated in details. The Appendix D is devoted to the discussion of Kaluza-Klein dimensional reduction to the generic Lagrangian that consists of a number of scalar fields, multiple p-form potentials, as well as a gravitational field, along a compactified direction.
2 The off-shell generalized ADT currents and conserved charges of diffeomorphism invariant gravity theories with arbitrary matter fields
In our previous work [11] , providing a new route varying the Bianchi identity for the expression of the field equations, together with help of the Killing equation for a Killing vector that generates a spacetime symmetry, we got another form for the off-shell generalized ADT current of generally diffeomorphism covariant gravity theories with only gravitational field given in [9] . The new form of the current contains an additional term that is just one half of the Lie derivative of a surface term with respect to the Killing vector. However, in essence, this current makes no difference to the one presented in [9] because of the vanishing of the Lie derivative for the surface term.
In this section, we generalize the derivation in the work [11] to gravity theories with a wide variety of matter fields, satisfying the criteria of general covariance. As a result, we propose a generalized off-shell ADT current that arises from the diffeomorphism symmetry of the Lagrangian and the vanishing of the divergence for the contraction between the Killing vector and a generally non-symmetric 2-rank tensor, which is always made up of expressions of the equations of motion for gravitational field and matter fields. The newly improved current, including the Lie derivative of the surface term with respect to the Killing vector and extra terms involving the variation of the Killing vector in comparison with the one given in [11] , differs from the current proposed in [10] , where the off-shell generalized ADT formalism for the pure gravity theories in the work [9] was extended to study conserved charges of covariant gravity theories in the presence of matter fields. Moving on to construct out the off-shell ADT potential from the current, we further present a formula for the conserved charges of these gravity theories along the line of the work [9] .
We proceed by considering the Lagrangian describing D-dimensional generally diffeomorphism covariant gravity theories with various matter fields
in which the quantity ψ (r) is taken to run over all the matter fields of the theories. The variation of the general Lagrangian (2.1) with respect to the gravitational field and all the matter fields reads
where E (gr) µν and E ψ (r) are the expressions for the field equations, and Θ µ δg, δψ (r) is a surface term. When the variation of the gravitation field g µν and the matter fields ψ (r)
behaves as their Lie derivative along any smooth vector field ζ µ , namely, δg µν → L ζ g µν and
was shown in [10, 26] that the following identity
generally holds for diffeomorphism invariant gravity theories. The identity (2.3) plays a key role for deriving the off-shell Noether current. Its left-hand side is the divergence for the contraction of the vector ζ ν with the 2-rank tensor E µν , which is in general unnecessary to be symmetric and is defined by
where the 2-rank tensor Z µν (ψ) is generally proportional to some combination of the expressions of the field equations E ψ (r) and it vanishes when E ψ (r) = 0. Particularly, in the absence of matter fields, Eq. (2.3) yields ∇ µ E µν (gr) = 0, which is just the Bianchi identity for covariant gravity theories with only gravitational field [11] . Replacing the variation in Eq. (2.2) by the Lie derivative along the vector field ζ µ , as well as making use of Eq. (2.3), we obtain the following conservation law
where the divergence-free vector J µ , defined by
is an off-shell Noether current [9, 10, 22] in the sense that the conservation law for this
Noether current holds without the assumption that the equations of motion for the fields are valid. Furthermore, the off-shell Noether potential K µν corresponding to the current can be defined as
Next, we focus our attention on detailed derivation of the off-shell generalized ADT current and its corresponding potential on basis of the above off-shell Noether current and potential. In the case where the vector ζ µ is replaced by a Killing vector ξ µ that satisfies the following symmetry conditions:
the right-hand side of Eq. (2.3) vanishes, which directly gives rise to 9) i.e. the divergence for the contraction of the E µν tensor and the Killing vector ξ ν takes zero value. This can be regarded as a consequence of the diffeomorphism and symmetry of matter fields. Significantly, one will see that the identity (2.9) plays a vital role in constructing the off-shell generalized ADT current in the following. Varying this identity, we get 10) where the current
Unlike in [9, 10, 11] , here and in what follows we do not impose the constraint of the vanishing of the variation for the Killing vector ξ µ , i.e., δξ µ = 0, on any current, although this generally holds for the Killing vectors associated with energy and angular momentum.
In particular, when all the fields satisfy the equations of motion, namely, E µν (gr) = 0 = E ψ (r) , the current J µ [1] becomes the original on-shell ADT current [1, 2] . On the other hand, letting the Lie derivative with respect to the Killing vector ξ µ act on the variation equation (2.2) of the Lagrangian, we have 12) which yields a conserved current that reads , a new off-shell generalized ADT current can be proposed as
14)
where the current J µ ADT can be thought of as a generalization of the off-shell ADT current for pure gravity theories in [11] to the one for covariant gravity theories with arbitrary matter fields when the variation of the Killing vector δξ µ vanishes, namely, δξ µ = 0. In addition, in comparison with the off-shell ADT current for the gravity theories with matter fields in [10] , the current in Eq. (2.14), containing the term L ξ Θ µ δg, δψ (r) as well as the terms with the variation of the Killing vector, gives rise to a different form from the one given in [10] . However, both of the currents are essentially equivalent since one can verify that L ξ Θ µ δg, δψ (r) = 0 for the generally diffeomorphism covariant Lagrangian (2.1) under the condition that the variation of the ξ µ Killing vector, obeying Eq. (2.8), disappears.
Our procedure to bring in the off-shell ADT current J µ ADT is very simple since it is only constructed out of a combination for two generally satisfied equations, that is, the variation equation (2.10) of a divergence-free term made up of expressions of the field equations and a Killing vector, together with the equation (2.12) for the Lie derivative of the variation of the Lagrangian along the Killing vector. It is also unnecessary for us to fix the Killing vector in order to get the off-shell ADT current and the latter potential. What is more, we shall see that our formulation for the off-shell ADT current in turn makes a natural and practical construction for derivation of its corresponding potential in the following.
In terms of the off-shell ADT current J µ ADT given by Eq. (2.14), we go on to derive its corresponding potential Q µν ADT , which is associated with the current through the well-known relation
To do this, the J µ ADT current multiplied by the factor √ −g is expressed as
According to Eq. (2.6), the off-shell Noether current associated with the Killing vector ξ µ is given by J µ ξ = J µ (ζ → ξ). Like in [23, 11] , the J µ ξ current can also be defined as the equivalent form, i.e. J 
into Eq. (2.16), we reexpress the current J µ ADT as the form √ −gJ 
where 
Equivalently, one can define the off-shell generalized ADT potential as follows:
Compared with the off-shell ADT potential given in [9, 10, 11] , it is worth noting that the Killing vector ξ µ involved in the potential (2.21) is unnecessary to be fixed when varying the potential K µν ξ , although they take the same forms. As it was explicitly demonstrated in [10] , the off-shell ADT potential (2.21) is equivalent with the on-shell Noether potential derived via the well-known covariant phase space approach, proposed by Lee, Iyer and Wald (LIW) [24, 25, 26] , despite the currents are different from each other. What is more, the ADT potential is consistent with the one defined via the Barnich-Brandt-Compere (BBC) method [27, 28, 29, 30] , which developed the covariant phase space method. Due to these, the off-shell ADT formalism can be regarded as an equivalent generalization of the LIW method or the BBC method. Unlike in [9, 10] , note that both the LIW and BBC approaches also do not impose the constraint that the variation of the Killing vector associated with the potential has to vanish as in the present work.
Furthermore, as it has been shown that the off-shell ADT current (2.14) arises from the linear combination of the current J µ [1] and one half of the current J µ [2] , a new current in terms of another linear combination of both the two currents can be proposed aš 22) where the constant k takes a generic value. A new potential corresponding to the currenť Like in [9] , by following the BBC approach [27, 28, 29, 30] 
where
proposal of the formalism for the conserved charge, defined in the interior region or at the asymptotical infinity, for any covariant gravity theory with the Lagrangian (2.1) whenever its integration is well defined [30] . In contrast to another formula of conserved charges for covariant gravity theories in [32, 33, 34] , which is defined in terms of the so-called solution phase space method building on basis of the LIW and BBC approaches, the formula (2.24)
is equivalent with that one.
Finally, in contrast with the original ADT formulation [1, 2, 3] , the formula (2.24) for the conserved charges is dependent on the gravitational and matter fields, as well as their fluctuations, while the usual ADT charges merely involve the gravitational field and its perturbation. Such a manner of the original ADT formulation may succeed to produce physical conserved charges when the matter fields fall off quite fast at infinity and they do not change the default asymptotic structure, which is the usual asymptotically (A)dS space. Otherwise, a serious consideration on the contributions from the matter fields becomes necessary to make the ADT formalism more universal, as in the present work. For example, the original ADT formulation fails to yield the physically meaningful mass of the black holes in Horndeski theory [17] and the Gödel-type black holes in five-dimensional minimal supergravity [41] . However, the formula (2.24) is applicable since it contains the contributions from the matter fields. What is more, if the matter fields are taken into account, the ADT formalism naturally possesses the property that it is invariant under conformal transformation [14] , but the usual ADT formalism requires the asymptotic condition that the conformal factor goes to unity at infinity to have the same property [44] .
3 Conserved charges of gravity theories with scalar fields and
p-form potentials
In this section, our main goal is to extend the general derivations in the previous section to systematically investigate the conserved charges of D-dimensional covariant gravity theories consisting of a gravitational field g µν , m scalar fields φ (k) (k = 1, 2, · · ·, m) and a number of p-form potentials A (p) , where 1 ≤ p ≤ n − 1 and 2 ≤ n ≤ D. In [31, 36, 37] , the conserved charges of the gravity theories with p-form potentials were also investigated in other methods. The Lagrangian describing these theories is assumed to take the generic
where the (p + 1)-form field strengths are defined by F (p+1) = dA (p) and the pair of the indices (i, j) in the function X ij are symmetric. In this work, without loss of generality, the function L M is supposed to possess two types of structures. The first one is
and the second one is
In the above equation,ǭ µ 1 ···µ D is the totally antisymmetric Levi-Civita tensor density with
Equation (3.3) in general describes the conventional Chern-Simons-like terms involved in various gauge theories. In fact, the first structure of L M in Eq. (3.2) can be generally rewritten as a more concrete form, which is as follows:
where the two totally antisymmetric N -rank tensors H (N ) and Y (N ) are defined by
In the above equation, the integersp 1 , ···,p i range from 1 to (n−1) while the integersq 1 , ···,q j range from 2 to n. In addition, all the indices (
have to satisfy the following constraints Varying the Lagrangian (3.1) with respect to the gravitational field, the scalar fields and the p-form potentials, one obtains
where the expressions E
of the field equations with respect to the gauge fields A (p) are given in Eq. (A.2), and the other ones for the gravitational field and scalar fields, as well as the surface term, are defined through
In the above equations, for the expressions E 
According to Eq. (2.6), the off-shell Noether current with respect to the Lagrangian (3.1) is defined by
In Eq. (3.12), the J µ (R) current, corresponding to the Lagrangian L R , is defined through given by 15) where the specific expression for E µν (M ) can be found in Eq. (A.11). The Noether current J µ in Eq. (3.12) further yields the off-shell Noether potential 17) where the total potential Q µν RφM is accordingly split into three parts, i.e., the potentials Q 
The off-shell ADT current J µ RφM for the Lagrangian (3.1) can be got through the relation
) is adopted to take the place of the quantity L M of the Lagrangian L M in the total Lagrangian (3.1), the ADT potential As we have mentioned in the previous section, the off-shell ADT potential (3.17) is essentially equivalent with those derived through the LIW method [24, 25, 26] and the BBC method [27, 28, 29, 30] respectively. For example, when Eq. (3.17) is applied to compute the off-shell ADT potential for the gravity theory with a single p-form potential given in the works [36] and [37] , where potentials for this theory were derived through the LIW approach and the BBC method respectively, one finds that all the potentials agree with each other. On the other hand, as a consequence of the generality for the Lagrangian L M , the potential (3.17) can be widely used to compute the conserved charges of gravity theories in the presence of scalar fields and p-form gauge fields. Its typical applications are to calculate the conserved charges of black holes in Einstein-Maxwell-dilaton theory and supergravity theories [38, 39, 40, 41, 42, 43] , such as the dyonic AdS black holes in four-dimensional maximal N = 8, SO(8) gauged supergravity [38] , the general nonextremal rotating charged AdS black holes in five-dimensional U (1) 3 gauged supergravity [39] , the rotating charged Kaluza-Klein black holes [40] and the rotating charged Gödel-type black holes [41] in fivedimensional minimal supergravity, the general nonextremal charged rotating black holes in five-dimensional minimal gauged supergravity [42] , and so on. If the formula (2.24), endowed with the off-shell ADT potential (3.17) , is applied to compute the conserved charges within the low-energy effective field theory describing heterotic string theory like in [14] , one can observe that all the results in that work are covered.
Conserved charges of (D+1)-dimensional Einstein gravity under Kaluza-Klein reduction
In this section, we investigate the behaviour of conserved charges in (D + 1)-dimensional general relativity, which is defined through the off-shell generalized ADT potential, by performing a Kaluza-Klein reduction procedure along a compactified direction with S 1 topology. As is known to us, the (D + 1)-dimensional Einstein gravity is described by the Einstein-Hilbert LagrangianLR = −ĝR . which are the metric tensor g µν , the Kaluza-Klein vector A µ and the dilaton ϕ respectively, the (D + 1)-dimensional metric ansatz is supposed to take the following form [35] :
where the 1-form gauge field reads A = A µ dx µ , while both the two dimensionally dependent constants α and β are given by
. 
On the other hand, with help of Eq. (3.17), the ADT potential related to the D-dimensional 
respectively. The vector ξ µ in Eq. (4.7) is the D-dimensional Killing vector, reflecting the symmetry of spacetime and satisfying
In the Appendix C, we have proved that theξμ (b) vector, defined throughξμ 
terms of all the lower-dimensional fields aŝ
To derive Eq. 
where L is the radius of the S 1 circle, one observes that the conserved charges in (D + 1)
dimensions coincide with the ones in D dimensions. That is to say, the conserved charge defined in terms of the off-shell generalized ADT potential is invariant under Kaluza-Klein dimensional reduction in the framework of the theory for Einstein gravity. It has been mentioned that the off-shell generalized ADT method is equivalent with the LIW and BBC methods, so the conserved charges defined via these methods also exhibit the property that they are invariant under Kaluza-Klein reduction along a compactified direction. On the other hand, according to the formula (2.24), the conserved charge associated with the Killing vectorξμ (1) is defined by
where ∂Σ is the boundary of a (D−1)-dimensional hypersurface Σ. The charge Q z is nothing but the electric charge with respect to the Kaluza-Klein vector A µ in the D-dimensional
Einstein-Maxwell-dilaton theory described by the Lagrangian (4.4). As a consequence, we conclude that the angular momentum along the z direction in the context of the higherdimensional Einstein gravity theory is just the electric charge associated with the KaluzaKlein vector in the lower-dimensional theory when the conserved charge is defined in terms the off-shell ADT formalism.
5 Properties for conserved charges in gravity theories with n-form field strength under Kaluza-Klein reduction
In this section, we extend the analysis in the previous section to investigate the properties of conserved charges for gravity theories including a gravitational filed, a single n-form field strength and m scalar field φ (k) (k = 1, · · ·, m) by performing Kaluza-Klein dimensional reduction along a compactified direction on a circle. In comparison with the case of Einstein gravity, we wonder whether the conserved charge will be influenced by the Kaluza-Klein reduction when the matter fields are included.
Without loss of generality, we take into consideration the (D+1)-dimensional Lagrangian that has the formLRF =LR +LF +L φ ,
where the LagrangianLR is given in Eq. (4.1), and the n-form field strengthF (n) = dÂ (n−1) .
What is more, in Eq. (5.1), the (n−1)-form potentialÂ (n−1) in (D+1) dimensions is defined in terms of the D-dimensional gauge fields A (n−1) and A (n−2) bŷ
From Eq. (5.2), one easily gets all the components of theF (n) field strength that arê
In the present case, the (D + 1)-dimensional metric ansatz is assumed to take the same form as the one in Eq. (4.2). Besides, all the fields, including the metric tensorĝμν, the A (n−1)
and A (n−2) potentials, and the scalar fields φ (k) , are assumed to have no dependence on the z coordinate. Obviously, both the lower-dimensional F (n) and F (n−1) strengths, together with the functions X ij , V and γ, are independent of the z coordinate as well. 
where the quantities L F andL φ are given by is defined byF
Note that here dF (n) = 0.
Next, we pay attention to calculating the off-shell ADT potentials for the Lagrangians L F andLF . As before, we introduce a Killing vector ξ µ in the D-dimensional spacetime, which also satisfies the following equations 8) in which the off-shell Noether potential K µν (F ) (ξ), defined through Eq. (A.13), are read off as
and the surface term Θ µ (F ) , defined by Eq. (A.2), is expressed as
In the parallel analysis, with help of Eq. (3.20), the off-shell ADT potential for the (D + 1)-dimensional LagrangianLF is given bŷ As what has been done in the previous section, here we still expect to get the exact relationship between the ADT potentials for the Lagrangians L F andLF . In order to do this, we first compare the surface terms yielded by the variation of both the Lagrangians.
The µ-component of the (D + 1)-dimensional surface termΘμ
is presented in terms of all the lower-dimensional fields bŷ 
when the Killing vectorξμ (b) =ξμ (0) = (ξ µ , 0).
Making use of (3.19), one observes that the ADT potentialsQ 
In light of the formula (2.24), the conserved charge associated with the potential (5.17) is defined byQ
where the charge Q z is given by Eq. (4.14). The chargeQ z is the angular momentum along the z coordinate in (D + 1) dimensions. In analogy with the case of Einstein gravity in the last section, from a D-dimensional perspective,Q z can be thought of as the electric charge associated with the U (1) gauge field A µ in the lower-dimensional reduced theory described by the Lagrangian (5.4).
It is worth noting that we have assumed that the higher-dimensional geometry allows a compactified dimension to exist so that its metric ansatz can be decomposed as the form in Eq. (4.2), in order to get the property that the off-shell generalized ADT charges remain the same at mathematical level before and after Kaluza-Klein dimensional reduction in the frame work of the Einstein gravity theory and the gravity theories with a single n-form field strength. All the results demonstrate that the consistent dimensional reduction can yields consistent conserved charges. Due to this, one is able to simplify the calculations of the conserved charges via performing dimensional reduction or lifting. Generally speaking, the higher-dimensional gravity theories consist of less fields and the Lagrangian describing these theories is more compact. Accordingly, the off-shell ADT potential for the Lagrangian is simpler. Consequently, to simplify calculations, the conserved charges for the lowerdimensional theories can be evaluated in higher dimensions by performing dimensional
lifting. This will be illustrated in the next section.
An example: conserved charges of Kaluza-Klein black holes
As an application of the general derivation in section 4, we shall explicitly evaluate the mass and angular momentum of five-dimensional rotating Kaluza-Klein black holes found in [45] in this section. These black holes are the exact solution of pure Einstein gravity in five dimensions, described by the Einstein-Hilbert LagrangianL (5D) = √ −ĝR. Under KaluzaKlein dimensional reduction from five dimensions to four dimensions, the Kaluza-Klein black holes can be seen as the rotating black holes with both electric and magnetic charges in the four-dimensional Einstein-Maxwell-dilaton theory with a particular dilaton coupling.
According to the lower-dimensional Lagrangian (4.4), the four-dimensional Lagrangian for this theory takes the form
Within the context of the five-dimensional Einstein gravity, the rotating Kaluza-Klein black hole solution is read off as [45] 
where the compactified coordinate z ∼ z + 2πL, the functions ∆(r), H 1 , H 2 and H 3 are given by 3) respectively, while the Kaluza-Klein vector A (4d) reads
In Eqs. (6.2), (6.3) and (6.4), the parameters (a, m, p, q) are integral constants, while the parameters (J, P m , Q e ) are presented by
where P m is the magnetic charge for the reduced four-dimensional black hole, and it will be shown that the parameters J and Q e denote the angular momentum and electric charge respectively. It is worth noting that the parameter a in the metric given in [45] is substituted by ma in the present metric (6.2), like in [46] .
By performing dimensional reduction to the rotating black hole solution (6.2) from five dimensions to four dimensions, we get the four-dimensional black hole solution 6) which is an exact solution corresponding to the Lagrangian (6.1).
In terms of the five-dimensional metric ansatz (6.2), we now compute the mass and angular momentum of the Kaluza-Klein black holes. The fluctuation of the gravitational field is determined by the infinitesimal change of the parameters (m, a, p, q), that is, m → m + dm , a → a + da , p → p + dp , q → q + dq .
The Killing vectors associated with mass and the angular momentum along the φ direction areξμ 
By making use of the formula (2.24) for the conserved charges, the mass M and the angular memontum J φ reads
Here the mass M is identified with the ADM mass but different from the Komar mass, which is M Komar = q/(4G 4 ).
On the other hand, it is completely feasible for us to evaluate the mass and the angular momentum along the φ coordinate in terms of the four-dimensional reduced metric (6.6). They coincide with the ones obtained in five dimensions respectively. This verifies the frontal conclusion that the off-shell generalized ADT charges are invariant under Kaluza-Klein dimensional reduction. However, in the four-dimensional case, apart from the gravitational field, the gauge field and scalar field have to be taken into consideration, so the calculations of the conserved charges are more involved. Moreover, one can test that the angular momentum along the compactified direction z is equal to the electric charge Q e of the four-dimensional black hole (6.6).
Conclusions and discussions
In the present work, to provide another novel understanding of the conserved charges for gravity theories, we investigate the conserved charges of generally diffeomorphism invariant gravity theories with various matter fields, particularly the ones with scalar fields and pform potentials, through the off-shell generalized ADT formalism, as well as the properties of the conserved charges under Kaluza-Klein dimensional reduction on a circle S 1 .
First, we construct an off-shell generalized ADT current (2.14) within the framework of the generally diffeomorphism invariant gravity theories described by the generic Lagrangian (2.1) through the linear combination of the two currents in Eqs. (2.11) and (2.13). The former arises from the variation of equation (2.9), which is the total divergence for the contraction of the vector ζ ν with the tensor E µν made up of expressions of the field equations, while the latter is deduced from the Lie derivative for the variation equation (2.2) of the Lagrangian with respect to the Killing vector. The newly constructed ADT current, containing the term L ξ Θ µ δg, δψ (r) and the terms with the variation of the Killing vector, formally differs from those presented in [9, 10, 11] . However, in essence, all the off-shell ADT currents are equivalent since L ξ Θ µ δg, δψ (r) = 0 holds for generally diffeomorphism gravity theories when δξ µ = 0, while the variation of the Killing vectors associated with mass and angular momentum always disappears. The merits of the ADT current (2.14)
are that the procedure to derive this current becomes simple and it makes a natural and practical construction for derivation of its corresponding potential. Moving on to derive the off-shell ADT potential (2.20), we further present the formula (2.24) for the conserved charges associated with the Lagrangian (2.1).
Second, we present a generic Lagrangian (3.1) that describes a wide range of gravity theories consisting of a gravitational field, multiple scalar fields and p-form potentials, thanks to the L M term of this Lagrangian, which possesses the two general structures in Eqs. (3.2) and (3.3) so that it incorporates a large range of terms made up of scalar fields and p-form potentials for the Lagrangians in the context of various gravity theories with these matter fields. Making use of the off-shell generalized ADT formalism, we derive the off-shell Noether current (3.12) and ADT potential (3.17) associated with the Lagrangian (3.1). Furthermore, substituting the potential (3.17) into the formula (2.24), one can obtain the formulation of conserved charges for this Lagrangian. As indicated before, the Lagrangian (3.1) is very generic. Hence, the formulation of conserved charges is applicable to supergravity theories, the Einstein-Maxwell-dilaton theory, the low-energy effective field theory of heterotic string theory and so on.
Third, we investigate the behaviour of the conserved charges for the theory of Einstein gravity as well as the gravity theory with a single p-form potential and multiple scalar fields in arbitrary dimensions by performing the Kaluza-Klein dimensional reduction along a compactified direction. To both the two types of gravity theories, as demonstrated by Eqs. and depends on a generic constant k. In the case where k = 0 and all the fields are off-shell, further investigation is demanded to clarify whether this potential can be employed to present well-defined and meaningful conserved charges of gravity theories, as well as to understand the meaning of these conserved charges if it is possible. Next, the formula (2.24) endowed with the potential (3.17) can be employed to derive the first law of thermodynamics for black holes with p-form gauge fields and scalar fields.
Apart from the above two issues, as mentioned before, we have analyzed the behaviour of the conserved charges for the Lagrangian (5.1) that includes a sole p-form potential and multiple scalar fields under Kaluza-Klein reduction. The results demonstrate that the conserved charges for this Lagrangian are invariant before and after dimensional reduction on a circle. As a matter of course, the analysis should be able to apply to the more generic We first take into account the Noether current and potential for the Lagrangian L M .
When L M takes the form as the one in Eq. (3.2), the variation of the Lagrangian L M is read off as
Here the expressions of the field equations for the gravitational field, scalar fields and the p-form potentials, as well as the surface term are given by
respectively, where the two totally antisymmetric tensors B
and U
respectively, and it is proved that the symmetric tensor ∂L M /∂g µν satisfies
The Lie derivative of L M along the ζ µ vector is
Substituting both the following equations
into Eq. (A.5), one arrives at the following
On the other hand, for a p-form potential A (p) , its Lie derivative along the vector ζ µ can be defined as
Making use of this definition, we have
With help of Eqs. (A.7) and (A.9), one can obtain the identity
where the E µν (M ) tensor is read off as
It is shown in Eq. (A.11) that the non-symmetric 2-rank tensor E µν (M ) is only the combination for the expressions of the field equations E 12) where the off-shell Noether potential K µν (M ) is presented by 13) which demonstrates that only the field strengths ( 
where the totally antisymmetric q c (q c )-rank tensors U 3) is applied to get U (qc/qc) . By following this, when 1 ≤ c ≤ t, the tensor U (qc) reads
In addition, when 1 ≤ c ≤ j, the tensor U (qc) is given by
Starting out with Eq. (A.13), we derive the off-shell Noether potential associated with L M , that is,
Here the Noether potential K In the following of this appendix, we calculate the off-shell Noether current and potential of the Lagrangian L φ . The variation of the Lagrangian yields 18) where the expressions for the field equations E (gr) (φ)µν andẼ (φ) (k) for the gravitational field and scalar fields respectively, are given by 19) and the surface term Θ µ (φ) is read off as
For the expressions for the equations of motion E (gr) (φ)µν andẼ (φ) (k) , one is able to prove that they satisfy the following identify
, which contains no expressions of the field equationsẼ (φ) (k) . This implies that the scalar fields φ (k) makes no contribution to the divergence term, unlike the case for the gauge fields. Equivalently, Eq. (A.21) can be rewritten as
which can be regarded as a generalized Bianchi identity for the scalar fields. The same identity appears in the case of Horndeski theory [17] .
As before, in terms of the Eqs. (A.18) and (A.21), we get the off-shell Noether current for the Lagrangian L φ that has the form
which yields a vanishing off-shell Noether potential K µν (φ) , namely,
Nevertheless, in the case of the Horndeski theory, it was shown in [17] that the off-shell
Noether potential related to the Lagrangian containing the terms with higher derivatives of the scalar fields is non-zero. 
As a result, the inverseĝμν of the metric tensor are presented bŷ
According to the definition for the Christoffel symbols, together with help of the expressions ofĝμν andĝμν, the componentsΓ ρ µν andΓ z µν of the higher-dimensional Christoffel symbolŝ Γρ µν are given in terms of the lower-dimensional fields bŷ
where the field strength F µν is defined through F µν = 2∂ [µ A ν] , while the other components are read off aŝ
Finally, utilizing the above higher-dimensional Christoffel symbolsΓρ µν , we evaluate the
in terms of all the D-dimensional fields. Itsμ = µ components are presented byΘ 6) and theΘ
Making use of the values of the α and β constants in Eq. (4.3), we simplify Eq. (B.5) aŝ
Here we do not plan to present theΘ z We first prove that the (D + 1)-dimensionalξμ (b) vector, defined througĥ
is a Killing vector, where ξ µ is the D-dimensional Killing vector obeying Eq. (4.8) and the parameter b is an arbitrary constant.
In order to proveξμ (b) is a Killing vector in (D + 1)-dimensional spacetime, we only need to prove the following Killing equation
in local coordinates holds for any value of the vectorξμ (b) . With help of the Christoffel symbols in Appendix B, we obtain
The above equation implies that the (µ, ν) components of Eq. (C.2) holds. Whenμ = µ andν = z, the left hand side of Eq. (C.2) is given in terms of the lower-dimensional fields bŷ
Obviously, the (µ, z) components of Eq. (C.2) also holds.
Whenμ = z andν = z, the left hand side of Eq. (C.2) is presented by 
if the Lie derivative of the potentials in D-dimensional spacetime satisfies Eq. (5.7). In fact, according to the definition of the Lie derivative, one sees that Here the n-form field strengthF (n) is given by Eq. (5.6).
